In meeting its retail sales obligations, management of a local distribution company (LDC) must determine the extent to which it should rely on spot markets, forward contracts, and the increasingly popular long-term tolling agreements under which it pays a fee to reserve generator capacity. We address these issues by solving a mathematical programming model to derive the efficient frontier that summarizes the optimal tradeoffs available to the LDC between procurement risk and expected cost. To illustrate the approach, we estimate the expected procurement costs and associated variances that proxy for risk through a spot-price regression for the spot-purchase alternative and a variable-cost regression for the tolling-agreement alternative.
LDC's regulator -and the industry remains subject to partial regulation -can engage in an afterthe-fact prudence review that might result in full cost recovery being disallowed [9; 17] .
To be sure, legislative actions can minimize the need for and use of after-the-fact prudence reviews. For example, California Assembly Bill (AB) 57 that became law on September 25 2002 directs "the Public Utilities Commission …. to review each electrical corporation's procurement plan in a manner that assures creation of a diversified procurement portfolio, assures just and reasonable electricity rates, provides certainty to the electrical corporation in order to enhance its financial stability and credit worthiness, and eliminates the need, with certain exceptions, for after-the-fact reasonableness reviews of an electrical corporation's prospective electricity procurement performed consistent with an approved procurement plan" (SECTION 1(c)).
On October 24, 2002, the California Public Utilities Commission (CPUC) issued
Decision 02-10-062, which implements AB57. The Decision requires the three large utilities, PG&E, Southern California Edison (SCE) and San Diego Gas and Electric (SDGE), to submit procurement plans for the CPUC's approval. A critical element of such plans is the choice among alternative electricity-procurement options. That is, in meeting its down-the-road electricity requirements: To what extent should the LDC rely on spot markets? To what extent should it rely on forward contracts? And to what extent should it rely on the increasingly popular long-term tolling agreements under which the LDC pays a generator a fee to, in effect, reserve some of the generator's capacity?
We address these issues by first solving the mathematical programming model from which one derives the efficient frontier that summarizes the optimal tradeoffs available to LDC management between procurement risk and expected cost, when it can diversify its electricity purchases through electricity spot markets, fixed-price forward contracts, and tolling agreements.
We then put empirical meat on these theoretical bones via an application in which we estimate expected procurement costs and the associated variances that proxy for risk. The estimation entails a spot-price regression for the spot-purchase alternative and a variable-cost regression for the tolling-agreement alternative. The estimated regressions yield the parameter estimates required to determine the efficient frontier. We develop several such frontiers under alternative assumptions as to the forward-contract price and the tolling agreement's capacity payment, and discuss the implications of our results for LDC management.
The efficient frontier
Consider an LDC that requires a flat power block of a given megawatt (MW) size to be delivered at 100%, 24 hours a day, seven days a week. The LDC has three procurement alternatives for buying the base-load power that will enable it to meet its resale obligation of serving its retail end-users:
(1) Spot-market purchases from a local hub, such as Mid-Columbia (Mid-C) in the state of Washington. Complete reliance on this alternative, however, exposes the LDC to the risk entailed in potentially volatile spot prices.
(2) A fixed-price forward contract offered by a generator such as Calpine or by a marketer/trader such as Morgan Stanley. The contract obligates the seller to physically deliver, and the LDC to accept, power at a fixed price. Relatively less risk verse than the buyer, the seller absorbs the spot-price risk and may charge the LDC a risk premium to ensure the forward contract's profitability [18 -19] .
(3) A tolling agreement offered by a generator. The agreement gives the LDC the right, but not the obligation, to dispatch a generation unit specified by the agreement. The LDC pays the generator a fixed per kilowatt (kW) payment for having the capacity available at an agreed fuel conversion rate (i.e., the heat rate in British thermal units (Btu) per kilowatt-hour (kWh)). The LDC supplies the fuel used by the generator, typically natural gas, and absorbs the fuel price risk. Since a generation unit's non-fuel variable cost is negligible, the LDC's least-cost operating decision is to dispatch the leased capacity whenever the per megawatt hour (MWh) fuel cost is less than the electricity spot price in $/MWh. The payment per kW is therefore the call-option value of a one kW capacity with a specific heat rate [20 -21] . The capacity payment is equivalent to a fixed MWh payment for each MWh obtained by the LDC, irrespective of whether that MWh comes from the generator or the spot market.
Specifically, the capacity charge per MWh is the capacity payment per kW-month multiplied by 1,000 and divided by the number of hours (e.g., 744 for January) in the month. Least-cost dispatch decisions by the LDC always result in a variable cost per MWh that is lower and less volatile than the spot price, except under the highly unlikely scenario in which the spot price never exceeds the per MWh fuel cost of the tolling agreement.
Denote the average cost and variance per MWh of spot-market purchases by µ 1 The forward contract's average cost, µ 3 , is its fixed price and therefore the variance is σ 3 2 = 0.
Inasmuch as σ 1 2 > σ 2 2 > σ 3 2 = 0, we expect and assume µ 1 < µ 2 < µ 3 ; otherwise a risk-averse management would be inclined to either put all its eggs in the risk-free forward-contract basket when that option is available, or, failing that, reduce exposure to the risk of upward-spiraling spot-market prices via a tolling agreement for which µ 1 > µ 2 .
And we do indeed assume the LDC management to be risk averse, as well as budget conscious in the sense of setting an upper bound on its expected procurement cost. Following
Markowitz [22] and Woo et al. [14] , management will seek to determine weights of w 1 ≥ 0, w 2 ≥ 0, and w 3 ≥ 0, for the amount of electricity procured via the spot market, a tolling agreement, and a forward contract. The optimal weights will minimize the variance of its procurement portfolio, subject to its expected procurement-cost constraint. The non-negativity condition on the weights, which sum to unity, is applied to preclude short selling and the excessive risk taking that such implies. Further, since there is a fixed purchase quantity, minimizing the procurement-cost variance per MWh of a portfolio comprising the three electricity procurement alternatives is equivalent to minimizing the total procurement-cost variance. Since Ω is positive definite and the constraints are linear, the optimal solution to the problem, which can be solved by standard techniques, [22 -23] procurement cost that is co-joined to that variance, on the horizontal axis, describes a downward sloping and strictly convex efficient frontier.
An application

The setting
To show the practicality of the efficient-frontier approach, we consider a hypothetical LDC housed in the Pacific Northwest. We assume that LDC management employs a procurement process that entails the following four steps [17] :
(1) Assess the purchase requirements that will meet the LDC's load obligation; Under this assumed process, management considers purchasing a flat power block for a five-year term. The point of delivery is Mid-C. While standard forward contracts are available in the Mid-C market, at present they are only offered for terms up to three years and are only for the on-peak hours (06:00-22:00, Monday -Saturday), rather than (7x24) delivery. Hence, the LDC follows steps (2) and (3) by issuing an RFP to potential suppliers to submit competitive bids for forward contracts and tolling agreements.
The bid submission can be a sealed-bid auction or an internet-based auction [24] . A forward-contract bid should contain a single fixed-price quote. A tolling-agreement bid should contain a single quote for the capacity payment per kW-month, and state the generation unit's heat rate.
Management then implements step (4), bid evaluation, which requires knowledge of the available optimal tradeoffs between the procurement-cost expectation and the procurement-cost variance presented by the bids, and the default alternative of buying from the spot market. This knowledge is best summarized in an efficient frontier. The LDC management's risk preferences, or the tradeoffs they are willing to accept between, in effect, risk and return, would then determine the optimal point on the frontier [14] .
The spot-price equation and cross hedging
To derive the expected procurement cost and the variance of the spot-purchase alternative, we focus on two specific markets: the spot market for electricity at Mid-C and that for natural gas at Henry Hub, which is the most active spot and futures market in North America.
As shown in [15, 18 -19] , LDC management can avail itself of the option to cross hedge between these two markets. This option is available for four principal reasons.
First, as a basic input in electricity generation, the natural-gas price helps to drive electricity prices [4, 25] . Second, local natural-gas spot markets, such as Sumas in the Pacific
Northwest, are integrated with Henry Hub [5, 10, 25 -28] . Third, Henry Hub natural-gas futures contracts currently traded on the New York Mercantile Exchange (NYMEX) are for delivery in the next 72 months, which is a sufficiently long time period to permit cross hedging the five-year price/cost risk. Finally, the NYMEX natural-gas futures market is efficient [29] .
Suppose, then, that P t is the Mid-C electricity spot price on some future day t for which we want to determine the expected procurement cost and that P Gt is the currently unknown Henry Hub natural-gas spot price on that day. Since natural-gas prices help drive electricity prices, we hypothesize that there is a systematic linear relationship, P t = α + βP Gt , between these two prices, and that the spot price is also impacted by a normally-distributed random error of ε t that has a zero mean and finite variance of ν 2 > 0; or:
Thus, from management's current perspective P t is random and volatile because both P Gt and ε t are random and potentially volatile.
Cross hedging against the volatility of P t begins with the current purchase of β MMBtu of natural-gas futures at a price of P GF =$F/MMBtu for each MWh delivered at Mid-C. Then, on future day t, the LDC resells the natural gas bought at P GF at the Henry Hub natural-gas spot price P Gt . The net spot price for Mid-C electricity, after allowing for the machinations in the natural-gas market and substituting equation (7) for P t , is therefore:
The future net spot price, P nt , is thus a function of the known price of P GF . Once values have been determined for α and β, the only uncertainty that remains for management as a result of having cross-hedged is introduced by the random error. Hence, the variance of ν
The preceding analysis implies that when evaluating the spot-market alternative for procuring electricity, it is necessary to incorporate the risk-reducing cross-hedging option and to compute expected procurement costs on the basis of the net spot price, rather than on the spot price. Thus, rather than being concerned with the determination of the expected spot price and the spot-price variance, our interest will be in determining the expected net spot price and its necessarily smaller variance.
Partial adjustment
When the Mid-C market is in equilibrium, the average equilibrium price on day t, P te , will equal the spot price. Hence P te will also necessarily satisfy spot-price equation (1); or:
Any Mid-C market equilibrium on day t might therefore be disturbed by both the random changes that occur in the Henry Hub natural-gas market and through the noise factor. The daily and unobservable market equilibrium price may not, however, adjust instantaneously to those random shocks. To capture this possibility, we postulate the observed spot-market price adjustment to be a fraction, γ, of the unobservable required adjustment [31, Chapter 11] . That is:
Substituting P te from equation (3) into equation (4) and rearranging terms yields:
The latter may be more compactly written as:
Thus, θ = γα, ϕ = γβ, φ = (1 -γ) and η t = γε t .
Using daily data for the Mid-C electricity spot price and the Henry Hub natural-gas spot price, we apply the maximum likelihood (ML) method to estimate equation (5a). The use of ML avoids the potential bias caused by the lagged dependent variable as an explanatory variable in a regression that may have first-order autoregressive (AR(1)) errors. Our choice of estimation method is partly based on our analysis of natural-gas prices [5] , which as shown by equation (3) are postulated to impact electricity spot prices and hence the variable costs of the tolling agreement. Whether our chosen estimation method is appropriate is ultimately an empirical issue. Absent AR(1) errors, ordinary least squares (OLS) estimation will yield consistent and asymptotically normal estimates. Should the errors turn out to have a higher AR order, one should use the ML method that would account for such errors. As will be seen in Table 2 below, our chosen estimation method is appropriate. The estimation will yield:
• (q, g, f), the estimates for coefficients (θ, ϕ, φ)
• r, the estimate for the AR(1) parameter;
• the covariance matrix for the coefficient estimates; and
• the mean-squared-error (MSE) of the daily price regression.
We can then infer, say, a and b, the estimates for α and β, from a = q/(1 -f) and b = g/(1 -f).
The expected net spot price and its variance
Assuming that no major structural change occurs during the forecast period that might invalidate our regression results, these results, rather than computer simulation as in [21, 32] , can be used as the basis for computing the expected net spot price and its variance. The approach thus relies solely on market data and does consider the technical details (e.g., generation plants and transmission capabilities) that may underlie those data. So long as there are historic spotprice data for electricity and natural gas for local delivery at the LDC's service territory, along with natural-gas futures covering the LDC's procurement horizon, and such data are indeed always available in North America, our approach will yield the inputs required for developing the efficient frontiers. Therefore it is a practical and easy-to-implement alternative to the more exotic formulae proffered elsewhere, for example [21, 33 -34] , whose complicated natures are likely to deter application by an LDC's staff, frustrate review by its management, and subsequently invite a regulator's disapproval.
The simplest tack for management to take at this point would be to accept a and b as the actual values of α and β rather than merely their ML point estimates. To capture the uncertainty about the still unknown α and β when computing the expected net spot price and its variance, however, which will be accomplished through equation (2), suppose management adopts an empirical Bayes approach [35 -36] . The approach has survived the test of time [37 -39] , both because it permits a very useful probabilistic interpretation of sample results in the subjective Bayesian context, and because it becomes especially useful when "data are generated by repeated execution of the same type of random experiment" [39, p. 1].
In particular, we rely on a "somewhat broader interpretation of the term 'empirical Bayes' than is implied in the typical EB sampling scheme", wherein the "parameter ω of a prior distribution … is replaced by any estimate derived from observed data…" [39, p. 14] . In the present context, LDC management uses the estimated regression results from equation (5a) as the basis for formulating a set of probability judgments about α and β of spot-price equation (1) . In particular, management behaves "as if" the computed standard error of estimate from equation (5a) permits the derivation of ν 2 . It also formulates probability judgments about α and β that are passant, that we could have used a Bayesian approach in the initial specification of equation (1) and then incorporated equation (4), which is not a statistical statement, but we elected not to do so as we felt it might be a distraction at that point from the general development of the model in a more traditional mode.
Denote by P GFk the fixed current Henry Hub natural-gas futures price for month k that encompasses day t and denote by E the expectation operator. The Mid-C electricity net spot price on day t in that month will be determined by equation (2) . Hence the expected net spot price will be given by:
Since E[ε kt ] = 0, we have
The variance of P nkt is
where s e 2 = estimate of the variance of ε kt = daily price regression errors' unconditional variance divided by (1-f) 2 .
Although the average net spot price computed for any day t, P Akt , will almost certainly differ from one day to the next, the expected net spot price is fixed at E It immediately follows that the expected net spot price for a period of K months is:
The variance of the monthly average net spot prices over the same period is:
Equations (7a) and (7b) account for the time value of money because cross-hedging using NYMEX natural gas futures requires paying the futures prices quoted in today's dollars, implying that the expected net spot prices and their variances are also in today's dollars. The expected net spot price and the associated variance yielded by these equations are forecast values developed using the information embodied in the NYMEX natural-gas-futures price data. We do not use the average spot price and variance from a historic sample, because the resulting forecasts assume that the historic price data will repeat themselves in the forecast period. As will be seen in Tables 1 and 3 Having estimated the net spot-price expectation and variance (µ 1 , σ 1 2 ) and the tolling agreement's cost per MWh expectation and variance (µ 2 , σ 2 piece of data required to develop the efficient frontier is µ 3 , the forward contract's fixed price, which becomes available at the conclusion of bid submission in the LDC's RFP process.
The data
The sample for our regression analysis contains daily observations on Mid-C on-peak (06:00-22:00, Monday-Saturday) prices, Mid-C off-peak (hours outside the on-peak period) prices, the Sumas (a major delivery point in Pacific Northwest) natural-gas price, and the Henry The daily Mid-C price is the weighted average of the on-peak and off-peak prices. Since the on-peak period has 16 hours, the on-peak weight is 2/3 and the off-peak weight is 1/3, for Monday through Saturday. All of Sunday is off-peak.
At an assumed heat rate of 8,000 Btu/kWh, the tolling agreement's daily variable cost per MWh is computed as follows. Based on the historic Mid-C electricity price data and Sumas natural-gas spot-price data, we construct the variable cost per MWh by time-of-day (TOD) period (on-peak vs. off-peak) as Min[electricity spot price by TOD period, fuel cost = heat rate x Sumas natural-gas spot price]. The daily per MWh variable cost is the weighted average of the daily on-peak and off-peak variable costs per MWh. lower mean cost and a smaller standard deviation than does the spot-market alternative because during the sample period, the on-peak Mid-C price was higher than the per MWh fuel cost 68% of the time, and the off-peak Mid-C price 51% of the time.
The mean Henry Hub gas price is $3.94/MMBtu, which is about $0.70/MMBtu higher than the $3.25/MMBtu mean Sumas price for natural gas. Absent economic dispatch, the variable cost per MWh for a tolling agreement based on the mean Sumas natural-gas price would have been $26.0/MWh. Except for the Sumas natural-gas price series, the ADF statistics reject the null hypothesis that a daily data series follows a random walk, implying that our estimated Mid-C net-spot-price price and tolling-agreement regressions will not be susceptible to spurious interpretation.
The Mid-C price is highly correlated (R = 0.8) with the variable cost per MWh. It is moderately correlated (R ≈ 0.6) with the two natural-gas prices. The variable cost per MWh is highly correlated with Henry Hub (R = 0.84) and Sumas (R = 0.93) natural-gas prices. • Both regressions have a good fit. The Mid-C price regression explains 92% of the price variance, and the per MWh variable-cost regression 96%.
Results
Regressions
• The Henry Hub price is a statistically significant driver of the Mid-C price and the variable cost per MWh. At a Mid-C spot-price equilibrium characterized by equations (3) - (5), each $1/MMBtu increase in the Henry Hub natural-gas price would raise the Mid-C spot price by the estimated value of the minimum-variance ratio (β in equation (1) • The positive difference between the two β estimates suggests a long-position in NYMEX gas futures that is (7.8 MMBtu -6.58 MMBtu) = 1.22 MMBtu per MWh larger under the spotpurchase alternative than the tolling-agreement alternative.
• The highly significant lagged dependent variables support using a partial-adjustment model to explain the daily variations in the Mid-C spot electricity price and the tolling agreement's variable cost per MWh. The estimated coefficient for the lagged Mid-C price is 0.836, implying that it takes six days (= 1/(1 -0.836)) for the Mid-C price to regain equilibrium after being perturbed by a random shock or a Henry Hub natural-gas price change. The estimated coefficient for the lagged tolling cost per MWh is 0.810, implying that it takes five days (= 1/(1 -0.810)) for the tolling cost to regain equilibrium after being perturbed by a random shock or a Henry Hub natural-gas price change.
• The Mid-C spot-price regression's errors are not serially correlated, but the per MWh variable-cost regression's errors are mildly so. Since the Mid-C spot-price regression's coefficient estimates in Table 2 are virtually identical to those obtained by OLS, the latter are not reported here. As a final check, we tested for higher-order AR errors and cannot reject the null hypothesis that such are not present for both equations.
• The Mid-C net-spot-price regression has a MSE of $14.5/MWh, which is almost three times the MSE of $4.58 for the variable cost per MWh regression, thus confirming that the spotmarket-purchase alternative has a much higher undiversifiable risk than the tolling agreement.
• The ADF statistics reject the hypothesis that the regression residuals follow a random walk, so that neither estimated regression is susceptible to spurious interpretation. Table 3 presents the expectations and variances of the five-year averages of the daily electricity spot prices and per MWh variable costs of a tolling agreement with an assumed heat rate of 8000 Btu/kWh. These statistics are computed using equations (6) -(7b), the regression results in Table 2 , and the NYMEX natural gas futures prices settled on October 15, 2003. The covariance estimate is the product of (a) the standard deviation of the five-year average spotprice expectation, (b) the standard deviation of the tolling agreement's five-year average per MWh cost expectation, and (c) the 0.80 correlation coefficient reported in Table 1 .
Expectation and variance statistics
The average net spot-price expectation in Table 3 Finally, $0.391/MWh is the estimate of the covariance between the average net spot price and the tolling agreement's per MWh cost.
The efficient frontiers
Since we do not have actual bid data collected from an LDC's RFP process, we derive three efficient frontiers based on the hypothetical values in Table 4 . The forward-contract price in Table 4 = 3.7% risk premium. This risk premium is consistent with a 0.95 probability that the seller of the forward contract will earn a profit on that contract [18 -19] . To demonstrate how the shape of the frontier varies with the forward-contract price, the next two values are set at 110% and 120% of the $38.92/MWh price, respectively.
The tolling agreement's capacity payment in Table 4 Indeed, the variance can be virtually eliminated through forward contracts. Regardless of the forward price and the capacity payment, however, even when varying optimal mix among the purchase alternatives in optimal fashion additional reductions in the variance become increasingly costly. That is, the efficient frontiers are downward sloping and strictly convex. In each case, however, the particular frontier shows both the minimum variance with which LDC management must live at any given upper bound in the expected procurement cost, and alternatively the minimum expected procurement cost that management must be prepared to accept for a portfolio of options that entails a given level or risk, or variance.
The frontier closest to the vertical axis corresponds to the base-case values for the forward price and the capacity payment. This first frontier is relatively steep because the relatively low forward price of $38.92 and capacity payment of $4.43 permits a large reduction in the portfolio's cost variance through forward contracting and a tolling agreement, without substantially raising the cost expectation, or the binding cap.
Immediately to the right of the base-case frontier is the one that is constructed with a forward price and a capacity charge equal to 110% of the base-case values. This frontier is flatter than the base-case frontier because the higher forward price and capacity charge implies that to achieve the same variance reductions as those achieved with the base-case price and charge requires larger expected procurement costs than in the base case. This is so, since variance reductions can only be brought about by reduced reliance on the spot market.
The third and last frontier is constructed with a forward price and a capacity charge equal to 120% of the base-case values. Although still convex, this frontier is the flattest among the three frontiers. The flatness reflects the fact that reducing the portfolio's cost variance by a given amount has become more expensive than in the previous case.
Taken as a whole, the frontiers of Figure 1 affirm the intuition that at relatively low forward prices and capacity charges, it is not very costly to reduce the risk of a procurement portfolio. This affirmation would support management's selection of a portfolio containing relatively less spot purchase. But as forward prices and capacity charges rise, a binding budget constraint will cause management to choose a portfolio with relatively more spot purchases.
Conclusions
Efficient frontiers have had steady employment as visually appealing and analytically useful decision-making aids in a variety of multi-objective settings in which management has to evaluate and choose among alternatives for which there are tradeoffs among those objectives.
Those settings extend well beyond mean-variance financial portfolio analysis [22] to hospitals [43] [44] , mutual fund performance appraisal [45] , managerial performance assessment [46] , regional development [47] , marketing [48] , and production [49] .
Management of an LDC that must procure electricity to meet customer demand in real time must also evaluate and choose among alternatives for which there are tradeoffs, in this case between expected procurement cost and risk. In this novel setting, too, the efficient frontier is a visually appealing and analytically useful decision-making aid. Developing the frontier, however, is a rather complex proposition that involves determining the optimal blend of three sources of electricity: the spot market, electricity forward contracts, and tolling agreements with generators. Optimality in this context implies the blend that provides the minimum variance for a given expected procurement cost. The frontier then traces out the tradeoffs that are available to management between cost and risk. Those tradeoffs depend upon the price of electricity forwards and the capacity payment in the tolling agreement.
Estimating the parameters that are required for assessing the expected costs and variances is also a rather complex proposition. The complexities notwithstanding, this paper has shown how to both estimate the parameters and develop the frontier, and how management can determine its most preferred alternative on that frontier, given the tradeoffs that it is willing to accept between cost and risk. Moreover, the paper has also shown that all of this is eminently doable and immediately applicable. Thus, while one can hope that neither California nor any other region will ever again confront an energy crisis of the sort that plagued the state and punished end-users and LDCs alike from May 2000 to June 2001, it is our further hope that by implementing the efficient-frontier approach management will not only be dealing with shortterm and unavoidable spot-price volatility in a prudent fashion, but will also be mitigating the impact of any future crisis on both the company and its customers. Figure 1 : Efficient frontiers by forward price and capacity charge in parenthesis.
